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Internal waves

Internal gravity waves propagate through a
fluid volume. Possible mechanisms rotation
or stratification.

Applications include

e Flow in oceans or lakes, forced by tides.

e Leads to mixing and transport.

e \Wave motion in the liquid core of the
earth.



Numerical approximation is complicated by

o Ill-Posedness

e Small scale (fractal) features

e Large solution space

e [ he a-typical nature of the problem



Physics of stratified fluids

The linearised inviscous quasi-incompressible
Boussinesq equations:

P*pt — —Px,

PP = —py,

prwg = —pz— pg,

V-u = 0,
pt—wiN2 = 0

g

At the boundary

u-n=2~0.



The Poincaré equation

e Time periodicity [p, u, p] x !

e Bounded piecewise linear closed domain
Q c R?.

After some calculation:

Pxx — >\2pzz =0 in €2,
(pz, VApz) -n =0 at o

or

Waer — AW, =0 in Q,
W =0 at dQ

by introducing the streamfunction WV, = v,
Vv, = —u. We take A as a given quantity
from physics.



Properties of the Poincaré equation

Hyperbolic linear second order partial differ-
ential equation.
The wave equation in spatial coordinates only.

Consider the characteristic coordinates:

& = x4+ Az,

T — Az

This gives Wep, = 0 and leads to

W n) =F(E&)+G6(m) in
w(¢,n) =0 at 9Q.



IlI-Posedness

Poincare, John, Schaeffer: Dbilliard problem

with relevant quantity the rotation number
p =77

e Irrational p = Characteristics close,
smooth solutions possible.

e Rational p —= Characteristics towards
attractors, or no solutions.



Example: The a x b rectangle

a

from the picture j = na and jA~1 = mb,

N
na

General solution: separation of variables.

W(z,z) = Y ansin(jmnz/a)sin(jnn/b),
=0



Shows ill-posedness and fundamental inter-
val.

N/
S

How to obtain uniqueness 7

e Fill the fundamental interval. Unknown,
hard to discretise, no 3D analogue, not
physical.

e Minimise the energy. Still not unique,
set ||[WV]|| = 1. Physical interpretation !



Example: The trapezoid

Has fractal structure, attractors, ill-posedness.
Exact solutions not known.



Limitpoint Diagram



Discretisation

The equations

V(& n) = F(&)+G(n) in
W n) =F(E€)+6(n) =0 at

-~
! -

suggest taking

N
FE) =Y fai(¢) € HY,

1=0

M
G(m) =Y gjp;(n) € HY,
=0

J



We take for v;,¢; the "hatfunctions’ :

F//\

N

&o &i En

e IS an exact solution to the Poincaré equa-
tion.

e Grid refinement is easy.



Boundary Element Method

Galerkin projection of W = O:

/ (F 4+ G)vdl = 0

Bl9)

Take v = ¢;, v =1, to get
Ax =0,

with x = (f07"° 7fN7.gOa"° 7gM)

e Exact solution for a perturbed boundary.

e Piecewise linear boundaries fit potentially.



Minimal energy:

B2 /Q u? 4 v2dedn

A
= (G + Fe) + X2(Gy — Fe)dsan

can be written

Minimise ||Lx||3.

The normalisation ||W|| = 1 becomes [5(F +
G)2d¢dn = 1 and can be discretised as

INx|[ =1

If we integrate over enclosing rectangle of €,
then:

All matrices are of size x N + M and can be
computed in O(N + M) time.



Tikhonov Regularisation

Finding a compromise between minimising
the energy and the residual:

zy = min{||Az|3 + v||Lz||3}. (1)

The L-curve criterion gives in some sense an
'optimal’ solution [plaatje van L-curve].



Rewrite:
: A
o = min]| (7)ol @)
We want to normalise:
|Nz||5 = 1. (3)
Set Nx = y and solve
: AN—1 2
o= min | (1) i3 (4)

Solve by SVD, which has solutions with ||y||5 =
1.



Results: The rectangle






Results: The trapezoid












