Internal Gravity Waves
in Stratified Fluids.
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Governing Equations 1I.

Internal waves in a fluid volume supported by
e Density Stratification (d%—(zz) #= 0)
e Rotation (f = 0)

The momentum equation in a rotating frame:
Newton,Pressure gradient,Coriolis,gravity
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Governing Equations II.

Plus mass conservation:
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with inertial frequency

d
N2(z) = 9{ P04 POS

Look for time-perlodlc solutlons
¢ X eiwt

then if N is constant:
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Governing Equations III.

At the boundary 02, demand u-n = 0, this
gives

0 in €2
0O on 90X22 (9)

Prz + Pyy — ADz2
(pz, Py, —Apz) - N

Properties of the Poincaré equation or
Sobolev equation

e Hyperbolic second order

e Linear

e \Wave equation in spatial coordinates



Method of Characteristics.

Two families of characteristic lines:

r,2)=z— VA tza=1¢c
v(z,2) =z + VA lz=¢

In these coordinates:

Pey — 0
p(&v) =F(€) + )

On a characteristic convex domain (2.
Energy propagates along characteristics,
what happens at the boundary 7
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At the boundary.

Use the streamfunction: W, =u, WV, = v

W, v) FE)+G(w) inQ
\U(£7V) 0 on 02

(14)

Leads to invariance of partial pressure.

P2 :f2+91=0



Model Geometry; the Trapezoid.

A point attractor.




Model Geometry, the Trapezoid.

A global resonance (modal solution,
seiche).




Model Geometry,; the Trapezoid.

An (1,1)-attractor.
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Ordering of Solutions in the spectrum.

'IlI-posedness’
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Physical Expirimental Data.
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Numerical Problems.

e Continuity of the spectrum.
— Global resonances at points.

— Attractors in intervals.

e Infinite multiplicity — apply Dirichlet b.c.

e Fractal structure.

Try Finite Elements ...
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Standard Finite Elements.

e Find p € H! such that

a(p,v) = [ Pzvz — Apzv2dO = 0,Vv € H

e Triangulate your domain 2.

e Choose the basis
¢;(N;) = 6; ;,

e EXpress p in terms of this basis:
pr(z,y) = 301 pr(N;)é;(x, y)

T hen:

a(p,v) = a(ph; ¢i)
— th(Nj)a(¢]7¢z)77’:1,,m
=1
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The Discretised System.

The continuous equation

0 in €2
0O on 902

Pxx — Apzz

(pz, —Apz) - n (15)

then yields:

(A +\B)r =0 (16)

e Boundary conditions / Fundamental in-
terval 7

e Infinite kernell lost, what solutions are
found 7

e )\ Eigenvalue or parameter 7

e NO error estimate.
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A Finite Element Solution.

An (1, 1)-attractor.
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A Finite Element Solution.

A global resonance.
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Sugestions.

e Regularisation (using SVD).

e Note: usual multistep schemes not appli-
cable.

e Other discretisations (BEM 7).

e Dynamical systems approach 7

e Add viscosity — elliptic problem.
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Problem reduction.

Transform to characteristic coordinates.
At boundaries:

(px;—py)'(nx,ny) = 0 (17}
(f'(&), g @) - (ng,m) = 0 (18)

Normal at boundaries hy 2(§) given by

n = (_h,]_,2(£>7 1)
This gives at the boundary v = hj 2(§)

(€)1 2+ g (h12) =0

Chainrule:

g(h1)(§) = g(h2)(§)
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The Boundary as a Dynamical System.

h1(€)

Reflection Trandation Contraction+Reflection

e Gives a mapping T : £ — &.

e Discretise by approximating g(&) 7
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